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Abstract: We show that generahsed geometry gives a unified description of bosonic 
eleven-dimensional supergravity restricted to a d-dimensional manifold for all d < 7. 
The theory is based on an extended tangent space which admits a natural xR"*" 
action. The bosonic degrees of freedom are unified as a "generalised metric" , as are the 
diffeomorphism and gauge symmetries, while the local 0{d) symmetry is promoted to 
Hd, the maximally compact subgroup of We introduce the analogue of the Levi- 

Civita connection and the Ricci tensor and show that the bosonic action and equations 
of motion are simply given by the generalised Ricci scalar and the vanishing of the 
generalised Ricci tensor respectively. The formalism also gives a unified description of 
the bosonic NSNS and RR sectors of type II supergravity in d — 1 dimensions. Locally 
the formulation also describes M theory variants of double field theory and we derive 
the corresponding section condition in general dimension. We comment on the relation 
to other approaches to M theory with symmetry, as well as the connections to 

fiux compactifications and the embedding tensor formalism. 
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1 Introduction 



The idea that eleven-dimensional supergravity, or for that matter M theory, might have 
a more unified description incorporating a larger symmetry group is a long-standing 
one. Following the original observation that the dimensionally reduced supergravity 
has a hidden Eci(d) global symmetry [1, 2], formulations using exceptional groups, as 
well as their infinite-dimensional extensions, have appeared in various guises [3-14]. 

In this paper we show that generalised geometry [15, 16] gives a unified geometri- 
cal description of bosonic eleven- dimensional supergravity restricted to a dimensional 
manifold for d < 7. One starts with an extended tangent space [17, 18] which admits 
a natural xM"^ action. The bosonic degrees of freedom are unified as a "gener- 
alised metric" G, while the diffeomorphism and gauge symmetries are encoded as a 
"generalised Lie derivative." The local 0{d) symmetry is promoted to H^, the maxi- 
mally compact subgroup of Ej_{^j_y Remarkably, the dynamics are simply the generalised 
geometrical analogue of Einstein gravity. The bosonic action is given by 



where vol^ is the volume form associated to the generalised metric and R is the analogue 
of the Ricci scalar. The corresponding equations of motion are simply 



where Rmn is the analogue of the Ricci tensor. This work extends the corresponding 
description of type II theories in terms of 0(10, 10) x generalised geometry given 



The formalism also describes type II theories restricted to d — 1 dimensions, ge- 
ometrising not only the NSNS sector but also the RR fields. Even though here we 
focus our attention on the bosonic sector, we will find that, in fact, the supersymmetry 
variations of the fermions are already encoded by the geometry. In a forthcoming pa- 
per [20] we extend the construction to include the fermion fields to leading order, thus 
completing the reformulation of restricted eleven-dimensional supergravity. 

That eleven- dimensional supergravity could be reformulated with a manifest H-j = 
SU{8)/'Z2 local symmetry, and fields transforming in -£^7(7) representations was first 
shown by de Wit and Nicolai [3]. This was further elaborated on in [5] for the case of 
Hg = 50(16) local symmetry [4]. The construction of Ed(d) xR"*" generalised geometry 
can be viewed as providing a geometrical basis for these results. (Note that the rele- 
vant Ed(d) action is by the continuous group rather than the discrete U-duality group 
that appears in toroidal reductions [21].) That the extension of these ideas to higher 




(1.1) 



Rmn — 0, 



(1.2) 



in [19]. 
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dimensions should involve infinite dimensional Kac-Moody algebras was first proposed 
in [12], and was discussed in the case of nine dimensions in [22] and ten in [23]. In 
the context of M theory this has culminated in conjectures of an underlying En [13] 
or Eio [14] Kac-Moody symmetry. 

In West's Ell proposal [13], the symmetry is realised non-linearly over an extended 
spacetime with an infinite number of coordinates [24]. The corresponding -£^7(7) non- 
linear realisation, following the construction of West and using the finite extended 
spacetime originally conjectured in [6], has been discussed in considerable detail by 
Hillmann [7]. Truncating to conventional spacetime, he was able to show an equivalence 
with [3], and, again, the current paper can be viewed as the corresponding geometrical 
formulation, analogous to the relation between gravity as Riemannian geometry and as 
a non-linear realisation of GL{4) ix as introduced by Borisov and Ogievetsky [25]. 

A related approach to realising -E'd(d) symmetries is based on the double field theory 
of Hull and Zwiebach [26], which describes string backgrounds in terms of fields on a 
doubled spacetime that admits an action of 0{d,d). The dynamics [27] are ultimately 
encoded in a version of a curvature tensor (first constructed by Siegel [28] and intro- 
duced from a different perspective in [29]) provided the fields are required to satisfy 
the "strong constraint" , or "section condition" . This implies that they depend on only 
half the coordinates, so locally the theory is equivalent to 0{d,d) x M"*" generalised 
geometry described in [19]. (Interestingly, in the double field theory realisations of the 
mass-deformed type IIA theory [30] and of generic Scherk-Schwarz reductions [31] the 
strong constraint can be slightly weakened, and so the relation to generalised geometry 
becomes less clear.) 

The corresponding formulation of M theory with ^'^((i) groups was introduced by 
Berman and Perry [8] for the cases of d = 4. This was then extended to c? = 5 in [9] 
and subsequently to ci = 6, 7 in [11], using the En non-hnear formalism of [13]. In 
these papers a bosonic action is constructed systematically by first writing terms in 
first-order derivatives of the generalised metric in a generic -E'd(d) form. Coefficients are 
fixed by requiring gauge and diffeomorphism invariance upon restriction to dependence 
on d coordinates, and remarkably the resulting expression matches the supergravity 
action up to integration by parts. This coordinate restriction means that locally the 
generalised geometrical theory constructed here is equally applicable to the double 
field theory approach to M theory. In this work we derive the E^^d) form of the action 
directly in terms of the scalar curvature of the generalised connection, which is therefore 
automatically invariant. We also find a generic E^^d) covariant form of the "section 
condition" [10] that encodes the restriction of the M theory version of double field 
theory to d coordinates. 



- 3 - 



At their core, generalised geometries^ [15, 16] rely on the idea of extending the 
tangent space of a manifold M, such that it can accommodate a larger symmetry 
group that includes not only diffeomorphisms but also the gauge transformations of 
supergravity. In its original form, one studies structures on a generalised tangent space 
E ^ TM © T*M, with a symmetry group combining diffeomorphisms with the gauge 
transformations of a two-form potential B. There is a natural 0{d,d) structure on 
E, where d is the dimension of M, and a natural bracket between generalised vectors 
giving E the structure of a Courant algebroid [32]. Slightly extending the structure 
group to 0{d, c?) xR+, we showed in an earlier paper [19] that generalised geometry gives 
a natural rewriting of type II supergravity unifying the NSNS fields as a generalised 
metric preserved by an 0(9, 1) x 0(1, 9) subgroup, which then becomes a manifest local 
symmetry of the theory. 

The original version of generalised geometry was extended by Hull [17] and Pacheco 
and Waldram [18] to include the symmetries appearing in M theory. This gives a gen- 
eralised tangent space E ~ TM © A^T*M © A^T*M © (T*M © K'T*M), relevant to 
eleven-dimensional supergravity restricted to < 7 dimensions and admitting a natural 
structure. One can construct the corresponding generalised metric and also the 
analogue of the Courant bracket. Applied to type II theories, it allowed the geometri- 
sation of the RR fields and was then used to study the origin of general gaugings of 
supergravity [33] and reformulate the effective theory of generic supergravity compact- 
ifications to four dimensions as well as the conditions for existence of a supersymmetric 
background [34, 35]. 

We find that the generalised tangent space contains objects familiar from Rie- 
mannian geometry, namely a bracket structure, covariant derivatives, torsion, and by 
introducing the generalised metric, the analogue of the Levi-Civita connection, and 
curvature tensors. Still, there are important differences with respect to ordinary geom- 
etry, such as the failure of the generalised bracket to satisfy the Jacobi identity and the 
fact that, unlike the Levi-Civita, there is a family of torsion-free, metric-compatible 
generalised connections. We discuss all these concepts for xR+ generalised geom- 
etry with a local compact subgroup Hd C Ed{d) in a manner that treats all dimensions 
uniformly by decomposing under the appropriate G/((i, M) and 0{d) subgroups. By 
constructing the natural generalised geometrical equivalent of Einstein gravity, we then 
find that it contains the entire bosonic supergravity field content - metric, warp fac- 
tor, three- and dual six-form gauge fields - and precisely describes eleven- dimensional 

^Note that the term "generaUsed geometry" is sometimes used to refer to formulations where 
spacetime is extended to include more coordinates. Although the two notions are closely related, here 
we will limit it to the narrow sense of structures on a Courant algebroid as first introduced by Hitchin 
and Gualtieri [15, 16], and the related extensions relevant to M theory. 
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supergravity reduced to d dimensions in the simple forms (1.1) and (1.2). 

The paper is arranged as follows. In section 2 we describe the key concepts of 
Ed[d) xM"*" generalised geometry, including the generalised tangent bundle, its differ- 
ential structure and the notions of generalised connection and torsion. Next, in sec- 
tion 3 we introduce the local Hd structure and show that one can always construct a 
torsion-free, i!f^-compatible generalised connection the analogue of the Levi-Civita 
connection. Finally, in section 4 we review the bosonic sector of restrictions of eleven- 
dimensional supergravity and show that it can be reformulated in terms of the gen- 
eralised geometry. We also comment on the relation to type II theories, generic flux 
compactifications and the embedding tensor formalism of gauged supergravity [36, 37]. 
We conclude with some summary and discussion in section 5. 

2 xR+ generalised geometry 

Following closely the construction given in section 3 of [19], here we introduce the 
generalised geometry versions of the tangent space, frame bundle. Lie derivative, con- 
nections and torsion, now in the more subtle context of an Ed{d) xM"*" structure. The 
Efi{d) generalised tangent space was first developed in [17] and independently in [18], 
where the exceptional Courant bracket was also given for the first time. We slightly 
generalise those notions by introducing an M"*" factor, known as the "trombone symme- 
try" [38], as it allows one to specify the isomorphism between the generalised tangent 
space and a sum of vectors and forms. Physically, it is known to be related to the 
"warp factor" of warped supergravity reductions. The need for this extra factor in the 
context of -£'7(7) geometries has already been identified in [7, 11, 39]. 

2.1 Generalised bundles and frames 
2.1.1 Generalised tangent space 

We start by recalling the definition of the generalised tangent space for Ed{d) xM+ 
generalised geometry [17, 18] and defining what is meant by the "generalised structure" . 

Let M be a d-dimensional spin manifold with d <7. The generalised tangent space 
is isomorphic to a sum of tensor bundles 



where for d < 7 some of these terms will of course be absent. The isomorphism is not 
unique. The bundle is actually described using a specific patching. If we write 



E ~ TM © A'^T*M © A^T*M © (T*M © A^T*M), 



(2.1) 



G T{TUi © A'^T*Ui © A^T*Ui © {T*Ui © A'T*Ui)), 



(2.2) 
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for a section of E over the patch Ui, then 



V^i) = e'^^(>^)+'i^('^)-l/(j-), (2.3) 

on the overlap Ui fl Uj where A(jj) and A(jj) are locally two- and five-forms respectively. 
The exponentiated action is given by 

uj^i) = uj(j) + ^^,jdA(ij), 

^{^) = + dAfe-) A + idA(,j) A iv^^^dA(^^j) + %,dA(,j-), (2.4) 
n^) = nj) + j'dAfo-) A (T(j-) - jdA(,j-) A uj(j) + jdA(,j-) A iv^,^dA(^^3) 

+ iJdAfo-) A dA(,j) A + |jdA(ij-) A dA(ij-) A «^(^)dA(ij), 

where we are using the notation of (B.8). Technically this defines as a result of a 
series of extensions 

— > K^T*M — > E" — > TM — > 0, 
— > A^T*M — > E' — > E" — > 0, (2.5) 
— > T*M (g) A^T*M — > E — > E' — ^ 0. 

Note that while the globally are equivalent to a choice of vector, the a;(i), cr(j) and 
r(j) are not globally tensors. 

Note that globally A(jj) and A(jj) formally define "connective structures on gerbes" 
(for a review see, for example, [40]). This essentially means there is a hierarchy of 
successive gauge transformations. For A(jj) on the multiple intersections we have 

A(ij) + A^k) + A(fci) = dA(ijfc) on Ui D Uj n Uk, 

[2.0) 

J^(iki) — A(^iki) + A(jj/) — A(ijfc) = dA(_ijki) on Ui n Uj n Uk r\ U(i). 

If the supergravity flux is quantised, we will have g{ijki) = e"^(^-''=') G U{1) with the 
cocycle condition 

9(jklm)g(^ikim)9{ijlm)g(^ijkm)9{ijkl) = 1, (2.7) 

on Ui n ■ ■ ■ (1 Um- For A there is a similar set of structures, with the final cocycle 
condition defined on a octuple intersection [Zj^ fl ■ ■ • fl f/ig. 

The bundle E encodes all the topological information of the supergravity back- 
ground: the twisting of the tangent space TM as well as that of the gerbes, which 
encode the topology of the supergravity form-field potentials. 
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2.1.2 Generalised Ed{d) xM+ structure bundle and split frames 

In all dimensions^ d < 7 the fibre of the generalised vector bundle at x G M forms 
a representation space of xM"*". These are listed in table 1. As we discuss below, 
the explicit action is defined using the GL{d, M) subgroup that acts on the component 
spaces T^M, A'^T*M, A^T*M and T*M O A'^T*M. Note that without the additional 
action, sections of E would transform as tensors weighted by a power of det T*M. 
Thus it is key to extend the action to Eii(d) xM+ in order to define E directly as the 
extension (2.5). 

Ed(d) group Ed(d) xR+ rep. 

i?7(7) 56i 

Ee(e) 27i 

£;5(5) ^ Sptn{5, 5) 16^ 

E^^i) SL5,R) lO'i 

£;3(3)-'5L(3,M)x5'L(2,M) (3',2)i 



Table 1. Generalised tangent space representations where the subscript denotes the M"*" 
weight 

Crucially, the patching defined in (2.3) is compatible with this Ed(d) xR+ action. 
This means that one can define a generalised structure bundle as a sub-bundle of the 
frame bundle F for E. Let {-E^} be a basis for E^, where the label A runs over the 
dimension n of the generalised tangent space as listed in table 1. The frame bundle 
F formed from all such bases is, by construction, a 6*^(71, M) principle bundle. We 
can then define the generalised structure bundle as the natural Ed(d] xM^ principle 
sub-bundle of F compatible with the patching (2.3) as follows. 

Let ia be a basis for T^M and e° the dual basis for T*M. We can use these to 
construct an explicit basis of E^ as 

{E^} = {ej U {e'^^} U {e'^i-"^} U {e'''^^- (2.8) 

where e"^-'^" = e"-^ A ■ ■ ■ A e"-" and e"'"!-"'' = ® e"^ A ■ ■ • A A generic section of E 
at X E Ui takes the form 

V = V^Ea = v'^ea + + ^a,,...„,e'^i-'^^ + ^r„,,,...,,e'^''^i-«^ (2.9) 

^In fact the d <2 cases essentially reduce to normal Riemannian geometry, so in what follows we 
will always take d > 3. 
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As usual, a choice of coordinates on Ui defines a particular such basis where {Ea} = 
{d/ dx"^} U {dx"^ A dx""} + . . . . We will denote the components of V in such a coordinate 
frame by an index M, namely V^'^ = {v"',ujmn,(7m^...m5,^m,rm...rm)- 

We then define a xM+ basis as one related to (2.8) by an Ed{d) xM+ trans- 
formation 

^ V'^ = M^bV^, Ea^E'a = Eb{M-Ya, (2.10) 

where the explicit action of M is defined in appendix B. The action has a GL{d,M.) 
subgroup that acts in a conventional way on the bases ia, e"* etc, and includes the 
patching transformation (2.3)'^. 

The fact that the definition of the xM+ action is compatible with the patching 
means that we can then define the generalised E^^d) xM"*" structure bundle F as a sub- 
bundle of the frame bundle for E given by 

F = {{x, {Ea}) : X e M, and {Ea} is an Ed{d) xM+ basis of E^}. (2.11) 

By construction, this is a principle bundle with fibre Ed^d) xM^. The bundle F is 
the direct analogue of the frame bundle of conventional differential geometry, with 
Ed(d) xM+ playing the role of GL{d,R). 

A special class of Ed{d) xM+ frames are those defined by a splitting of the generalised 
tangent space E, that is, an isomorphism of the form (2.1). Let A and A be three- and 
six-form (gerbe) connections patched on Ui fl Uj by 

= Ai) + dAfo-), ^^^^^ 

Note that from these one can construct the globally defined field strengths 

F = dAu), 

, (2.13) 

F = dv4(i) - AF. 
Given a generic basis {cq} for TM with {e'*} the dual basis on T*M and a scalar 



•^In analogy to the definitions for 0{d,d) x R+ generalised geometry [19], we could equivalently 
define an -/^^((i) x]R+ basis using invariants constructed from sections of E. For example, in d = 7 
there is a natural symplectic pairing and symmetric quartic invariant that can be used to define i?7(7) 
(in the context of generalised geometry see [18]). However, these invariants differ in different dimension 
d so it is more useful here to define £'ci(d) by an explicit action. 
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function A, we define a conformal split frame {Ea} for E by 
Ea = (^ea + kA + kA + 1^ A k^A 

^ab ^ gA f^^ab ^ ^ /\ gab _ ^ ^ab ^ 1^-^ ^ ^afe^ ^ (2.14) 
■^a,ai...ar _ ^A^a,ai...aY 

while a split frame has the same form but with A = 0. To see that A and A define an 
isomorphism (2.1) note that, in the conformal split frame, 

y{A,AA) ^ ^-A^-A,,,-A,,,y^^ 

= V'^ia + ^OOabC^' + l,aa,...a,e"' + ^Ta,a,...a,e'''"' (2.15) 

G r(TM © A'^T*M © A^T*M © (T*M © A^r*M)), 

since the patching implies e~"^(')~'^(') V(i) = e~'^(j)~"^(j) Vq) on Ui fl f/j. 
The class of split frames defines a sub-bundle of F 

^'spiit = {{x, {Ea}) -.xeM, and {E^} is split frame} C F. (2.16) 

Split frames are related by transformations (2.10) where M takes the form M = e""^"m 
with m G GL{d, M). The action of a + a shifts A A + a and A A + a. This forms a 
parabolic subgroup Ggput = GL{d,M) k (a + a)-shifts C xM+ where (a + a)-shifts 
is the nilpotent group of order two formed of elements M = e°'~^°'. Hence PspUt is a 
Ggpiit principle sub-bundle of F, that is a Ggpiit-structure. This reflects the fact that 
the patching elements in the definition of E lie only in this subgroup of -E'rf(rf) xM"*". 

2.1.3 Generalised tensors 

Generalised tensors are simply sections of vector bundles constructed from the gener- 
alised structure bundle using different representations of Ed^d) xR+. We have already 
discussed the generalised tangent space E. There are four other vector bundles which 
will be of particular importance in the following. The relevant representations are 
summarised in table 2. 

The first is the dual generalised tangent space 

E* ~ T*M © A^TM © A^TM © (TM © A^TM). (2.17) 

Given a basis {Ea} for E we have a dual basis {E^} on E* and sections of E* can be 
written as U = UaE^. 
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dimension 


E* 


adF d E®E* 


N C S^E 


K C ^* ® adF 


7 


56^1 


133o + lo 


133+2 


912 1 


6 


27_i 


78o + lo 


27^2 


351'_i 


5 


16^1 


45o + lo 


10+2 


144^1 


4 


10-1 


24o + lo 


<J+2 


40_i + 15'_i 


3 


(3,2)_i 


(8,l)o + (l,3)o- 


hlo (3',l)+2 


(3',2)_i + (6,2)-i 



Table 2. Some generalised tensor bundles 



Next we then have the adjoint bundle adF associated with the -E'd(d) xM"*" principle 
bundle F (see (B.3)) 

ad F ~ M © (TM ® T*M) © A^T*M © A^T*M © A^TM © A^TM. (2. 18) 

By construction a.d F G E ^ E* and hence we can write sections as i? = R^bEa ® -E'^- 
We write the projection on the adjoint representation as 



>'ad 



E* ®E ^ adF. (2.19) 



It is given explicitly in (B.14). 

We also consider the sub-bundle of the symmetric product of two generalised cotan- 
gent bundles C S'^E, 



N ^ T*M © A^T*M © (T*M © A^T*M) 

© {A^T*M © A^T*M) © {A^T*M © A^T*M). 



(2.20) 



We can write sections as 5 = S^^Ea ® -Es with the projection 

^N-E^E^N. (2.21) 

It is given explicitly in (B.17). 

Finally, we also need the higher dimensional representation K G E* ^ adF listed 
in the last column of table 2. Decomposing under GL{d,M.) one has 

K ~ T*M © S^TM © A^TM © {A^T*M © TM)o © (A^TM © T*M)o 
© A^T*M © (A^TM © TM)o © A^TM © (A^TM © A^TM)q 
© A^r*M © (TM © A^TM) © (A^TM © A^TM) ^'^''^'^^ 
© {S^T*M © A^TM) © (A^TM © A^TM), 
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where, in fact, the A^TM term is absent when d = 5. Note also that the zero subscripts 
are defined such that 



a 



mnp 



P 



^[mim2m3m,4,m5] _ g 
^m[ni,m2...,n7] _ g 



if a G T{{A^T*M ®TM)o), 
if a G T{{A^TM (g)T*M)o), 
if a G r((A^TM®TM)o), 
if a G T{{A^TM ® A^TM\) 



(2.23) 



?c 



Since i^' C -E* ® ad F we can write sections as T = ® ® E 

It is interesting to note that, up to symmetries of the Dynkin diagram, the 
Dynkin labels of the representations E and follow patterns as d varies. For each 
value of d, the Dynkin label for E can be represented on the Dynkin diagram as 

O 



o — o — o — o — o 



while has the label 



O 



O Q- 



O O- 



2.2 The Dorfman derivative and Courant bracket 

An important property of the generalised tangent space is that it admits a generalisation 
of the Lie derivative which encodes the bosonic symmetries of the supergravity. Given 
V = v + uj + a + TE r(i?), one can define an operator Ly acting on any generalised 
tensor, which combines the action of an infinitesimal diffeomorphism generated by v 
and A- and A-field gauge transformations generated by u and a. Formally this gives 
E the structure of a "Leibniz algebroid" [39]. 

Acting on V = v' + uo' + a' + t' G r(£'), one defines the Dorfman derivative'^ or 
"generalised Lie derivative" 



LyV = Cyv' + {Cyu' — iyidu) + {C^cr' — vda — uj' /\ duo) 
+ {Cy - ja' A dw - juj' A da) . 



(2.24) 



Defining the action on a function / as simply Lyf = C^f, one can then extend the 
notion of Dorfman derivative to a derivative on the space of Ed{d) xM+ tensors using 
the Leibniz property. 



The corresponding object on a Courant algebroid, where the generaUsed structure is 0(d, d) is 
known as the Dorfman bracket and, following [39], we use the same nomenclature in this case too. 
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To see this, first note that we can rewrite (2.24) in a more Ed{d) xM+ covariant 
way, in analogy with the corresponding expressions for the conventional Lie derivative 
and the Dorfman derivative in 0{d, d) x ]R+ generalised geometry [19]. One can embed 
the action of the partial derivative operator via the map T*M —> E* defined by the 
dual of the exact sequences (2.5). In coordinate indices M, as viewed as mapping to a 
section of E*, one defines 

\ dm for M = m , ^ 

dM={ . (2.25) 

[ otherwise 

Such an embedding has the property that under the projection onto A^* we have 

df ®jv* dg = 0, (2.26) 

for arbitrary functions f,g. We will comment on this observation in section 2.4. 
One can then rewrite (2.24) in terms of generalised objects as 

LyV'^ = V^'dNV"" - {d ®ad Vf' r^V"", (2.27) 

where ®ad denotes the projection onto a.dF given in (2.19). Concretely, from (B.14) 
we have 

<9®ad^ = r + a + 5, (2.28) 

where r™'^ = a = du and d = da. We see that the action actually lies in the 

adjoint of the Ggput C -^^((i) x]R+ group. This form of the Dorfman derivative can then 
be naturally extended to an arbitrary -E'd(d) xM+ tensor by taking that appropriate 
adjoint action on the -E'd(d) xM"*" representation. 

Note that we can also define a bracket by taking the antisymmetrisation of the 
Dorfman derivative. This was originally given in [18] where it was called the "excep- 
tional Courant bracket", and re-derived in [39]. It is given by 

IV,V'} = HLvV - Lv'V) 

= [v, v'] + Cyu' — Cv'OJ — |d {iyOj' — iy/u) 

+ CyCr' — L^ia — \d [i^a' — i^'cr) + A du' — \uj' A du 

+ - ^Cy'T + i [ju A da' - ja' A dw) - ^ {ju' Ada - ja A du') . 

(2.29) 

Note that the group generated by closed A and A shifts is a semi-direct product 
f2|?i(M) X n^[(M) and corresponds to the symmetry group of gauge transformations 
in the supergravity. The full automorphism group of the exceptional Courant bracket 
is then the local symmetry group of the supergravity Gsugra = Diff(M) x (f2^j(M) x 

n^^(M)). 
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For U,V,W & r(i?), the Dorfman derivative also satisfies the Leibniz identity 



LuiLvW) - Ly{LuW) = Ll^vW, (2.30) 

and hence ii^ is a "Leibniz algebroid". On first inspection, one might expect that the 
bracket of |[/, Vj should appear on the RHS. However, the statement is correct since 
one can show that 

L^u,v}W = Ll^vW, (2.31) 
so that the RHS is automatically antisymmetric in U and V. 

2.3 Generalised Ed{d) x]R+ connections and torsion 

We now turn to the definitions of generalised connections and torsion. Generalised 
connections on algebroids were first introduced by Alekseev and Xu [41, 42]. To study 
the dynamics of £'7(7) geometries with an eleven-dimensional supergravity origin and 
supersymmetric backgrounds, related notions were also developed by [7, 35]. Here, for 
the xM"*" case, we follow much the same procedure and conventions as in [19], 
where we gave the precise definitions relevant for type H supergravity, taking care to 
include an M"*" factor in the generalised structure bundle. 

2.3.1 Generalised connections 

We first define generalised connections that are compatible with the E^^d) x]R+ struc- 
ture. These are first-order linear differential operators D, such that, given W & E, in 
frame indices, 

DmW^ = OmW^ + Qm^bW. (2.32) 

where f2 is a section of E* (denoted by the M index) taking values in E^^d) xR+ 
(denoted by the A and B frame indices), and as such, the action of D then extends 
naturally to any generalised Ed{d) xM+ tensor. 

Given a conventional connection V and a conformal split frame of the form (2.14), 
one can construct the corresponding generalised connection as follows. Given the iso- 
morphism (2.15), by construction f^e^ G T{TM), ^Uab€.°'^ G r(A^T*M) etc and hence 
Vm'y" and Vm^ab are well-defined. The generahsed connection defined by V lifted to 
an action on E by the conformal split frame is then simply 

„ I ^ ^ for M = m, 

DJiV = { + ^(V^ma,,...a,)E"-»^ + i(V^r,,,,..,,)E'^'"-'^^ (2.33) 

otherwise. 



- 13 - 



2.3.2 Generalised torsion 

We define the generalised torsion T of a generalised connection D in direct analogy to 
the conventional definition and to the one we defined in the 0{d,d) x R"*" description 
of type II theories. 

Let a be any generalised x]R+ tensor and let Lya be the Dorfman deriva- 
tive (2.27) with d replaced by D. The generalised torsion is a linear map T : T{E) — )■ 
r(ad(F)) defined by 

T{V) ■ a = L^a - Lya, (2.34) 

for any V G T{E) and where T{V) acts via the adjoint representation on a. Let 
{Ej^} be an E^(^^) xM+ frame for E and {E^} be the dual frame for E* satisfying 
E^{Eb) = 5^B- We then have the explicit expression 

Ea ®ad E^. (2.35) 

Note that we are projecting onto the adjoint representation on the A and B indices. 
Note also that in a coordinate frame the last term vanishes. 

Viewed as a generalised Ed{d) xM"*" tensor we have T G T{E* ® adF). However, 
the form of the Dorfman derivative means that fewer components actually survive and 
we find 

T eT{K ® E*), (2.36) 

where K was defined in table 2. Note that these representations are exactly the same 
ones that appear in the embedding tensor formulation of gauged supergravities [36], 
including gaugings [37] of the so-called "trombone" symmetry [38]. We will comment 
on this further in section 4.4. 

As an example, we can calculate the torsion of the generalised connection 
defined by a conventional connection V and a conformal split frame as given in (2.33). 
Assuming V is torsion-free we find 

T{V) = e^ (^-i,dA + v ® dA - i^F + dA A u - i^F + u A E + dA A cx^ , (2.37) 

where we are using the isomorphism (2.18), and F and F are the (globally defined) 
field strengths of the potentials A and A given by (2.13). 

2.4 The "section condition", Jacobi identity and the absence of generalised 
curvature 

Restricting our analysis to d < 6, we find that the bundle N given in (2.20) measures 
the failure of the generalised tangent bundle to satisfy the properties of a Lie algebroid. 



T{V) = V 



c 



n ^ 



n ^ 

^'_B C 



E\L^^E 
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This follows from the observation that the difference between the Dorfman derivative 
and the exceptional Courant bracket (that is, the symmetric part of the Dorfman 
derivative), for V, V G T{E), is precisely given by^ 

LyV - IV, V'j = id (iV + iv'OJ - iy - va + uj ^UJ') = d ®e {V ®nV') , (2.38) 

where the last equality stresses the Ed(d) x IR^ covariant form of the exact term. There- 
fore, while the Dorfman derivative satisfies a sort of Jacobi identity via the Leibniz 
identity (2.30), the Jacobiator of the exceptional Courant bracket, like that of the 
0{d, d) Courant bracket, does not vanish in general. In fact, it can be shown that 

Jac(f/, V, W) = ||[/, V\,W\+ c.p. = \d ®E {{U, V\®nW + c.p.) , (2.39) 

where W G T{E) and c.p. denotes cyclic permutations in f/, V and W . We see that both 
the failure of the exceptional Courant bracket to be Jacobi and the Dorfman derivative 
to be antisymmetric is measured by an exact term given by the ®n projection. The 
proof is essentially the same as the one for the 0{d, d) case, see for example [16], section 
3.2^. 

Similarly, and as was the case with 0{d, d) x]R+ generalised connections, for notions 
of generalised curvature one finds the naive definition [Du, Dv]W — D^uyjW is not 
a tensor and its failure to be covariant is measured by the projection of the first two 
arguments to A^. Explicitly, taking U fU, V — )■ gV and W — )■ hW for some scalar 
functions /, g, h, we obtain 

[Dfu,D,y]hW-Dyu,,V^hW ^^^^^ 

= fgh {[Du, Dv] W - DiuyjW) - ^hD(^f3g_g3f)(^^^u(!^NV)W. 

Note, however, that it is still possible to define analogues of the Ricci tensor and scalar 
when there is additional structure on the generalised tangent space, as we see in the 
following section. 

Finally, we note that from the point of view of "double field theory" -like geome- 
tries [8-11, 26-28], the equation 

df dg = 0, (2.41) 

for any functions / and g acquires a special interpretation. In these theories, one 
starts by enlarging the spacetime manifold so that its dimension matches that of the 



^For d> 7 the RHS can no longer be written covariantly as a derivative of an object built from U 
and V in an x R"*" covariant way. Similar complications occur in the discussion of the curvature 

below. This is the reason for the restriction to d < 6 in this section. 

^Note that ~ M in the 0{d, d) case. 
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generalised tangent space. The partial derivative OmJ is then generically non-zero 
for all M. However, the corresponding Dorfman derivative does not then satisfy the 
Leibniz property, nor is the action for the generalised metric invariant. One must 
instead impose a "section condition" or "strong constraint". In the original 0{d,d) 
double field theory the condition takes the form {d^f){dAg) = 0. It implies that, in 
fact, the fields only depend on half the coordinates. For exceptional geometries, the 
d = 4 case was thoroughly analysed in [10], and is given by (2.41). Again it implies 
that the fields depend on only d of the coordinates. 

It is in fact easy to show that satisfying (2.41) always implies the Leibniz property. 
Thus it gives the section condition in general dimension. In generalised geometry it 
is satisfied identically by taking Om of the form (2.25). However given the Ed,(d) xM+ 
covariant form of the Dorfman derivative (2.27), any subspace of E* in the same orbit 
under E^K^d) x]R+ will also satisfy the Leibniz condition. Note further that any such 
subspace, like T*, is invariant under an action of the parabolic subgroup Ggput- 

3 H(i structures and torsion-free connections 

We now turn to the construction of the analogue of the Levi-Civita connection by 
considering additional structure on the generalised tangent space. Again, this closely 
follows the constructions in 0{d,d) x M"*" generalised geometry [19]. 

We consider Hd structures on E where Hd is the maximally compact'' subgroup 
of Ed(d)- These, or rather their double covers'^ Hd are listed in table 3. We will then 
be interested in generalised connections D that preserve the Hd structure. We find it 
is always possible to construct torsion-free connections of this type but they are not 
unique. Nonetheless we show that, using the Hd structure, one can construct unique 
projections of D, and that these can be used to define analogues of the Ricci tensor 
and scalar curvatures with a local Hd symmetry. 

^Note that one could equally consider the non-compact versions of Hd by switching the signature of 
the metric in appendix B.3 so that it defines an SO{p, q) subgroup of GL{d,R), and the corresponding 
results then follow identically. For instance, if in d = 7 one chooses the 5*0(6, 1) signature, one 
would obtain the non-compact SU*{8) subgroup of £^7(7) x R+, which would be relevant for discussing 
timelike reductions of 11-dimensional supergravity [43]. 

^We give the double covers of the maximally compact group, since we will be interested in the 
analogues of spinor representations. A necessary and sufficient condition for the existence of the 
double cover is the vanishing of the 2nd Stiefel- Whitney class of the generalised tangent bundle [17]. 
As the underlying manifold is spin by assumption, this is automatically satisfied. 
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Ed{d) group Hd group adP^ = adF/ adP 



£^7(7 
-^6(6 
-£^5(5 
i?4(4 



3(3 



SU{8) 35 + 35 + 1 

Sp{8) 42 + 1 

Spm{5, 5) Spm{5) x Sp%n{5) (5, 5) + (1, 1) 

SL{5,R) Spm{5) 14+1 

SL{3,m)) X SL{2,m) Spm{3) X Spm{2) (5, 1) + (1, 2) + (1, 1) 



Table 3. Double covers of the maximal compact subgroups of Ed(^d) ™d representations 
of the coset bundle 

3.1 Hd structures and the generalised metric 

An Hd structure on the tangent space is a set of frames related by Hd transformations. 
This is the direct analogy of metric structure, where one considers the set of orthonormal 
frames related by 0{d) transformations. Formally it defines an Hd principle sub-bundle 
of the generalised structure bundle F, that is 

P C F with fibre Hd. (3.1) 

The choice of such a structure is parametrised, at each point on the manifold, by an 
element of the coset {Ed(d) xM+)/ Hd- The corresponding representations are listed in 
table 3. Note that there is always a singlet corresponding to the factor. 

One can construct elements of P concretely, that is, identify the analogues of 
"orthonormal" frames, in the following way. Given an Hd structure, it is always possible 
to put the Hd frame in a conformal split form, namely. 



3^ (ea + + ^eA + |^ A 

^ah ^ gA (^ah ^ ^ /\ ga6 _ ^ ^ah ^ l^^ ^ab^ ^ (3.2) 

-^a,ai...ar _ ^A^a,ai...a7 

Any other frame is then related by an Hd transformation of the form given in ap- 
pendix B.3. Concretely given V = V^Ea ^ r(S') expanded in such a frame, different 
frames are related by 

^ V'^ = H^bV", Ea^E'^ = Eb{H-Ya, (3.3) 
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where H is defined in (B.22). Note that the 0{d) C Hd action simply rotates the Cq 
basis, defining a set of orthonormal frames for a conventional metric g. It also keeps the 
frame in the conformal split form. Thus the set of conformal split frames actually 
forms an 0{d) structure on E, that is 

(P n Pspiit) C F with fibre 0{d). (3.4) 

One can also define the generalised metric acting onV E r(£') as 

G{V, V) = \v\^ + Iwp + lap + |r|2, (3.5) 

where \v\^ = VaV", |wp = |ap = ^,cJa^,„a^a''^-°''' and = ^Ta^a^...ajr''^''^-'''' 

evaluated in an Hd frame and indices are contracted using the fiat frame metric 5ab 
(as used to define the subgroup in appendix B.3). Since, by definition, this is 
independent of the choice of Hd frame, it can be evaluated in the conformal split 
representative (3.2). Hence one sees explicitly that the metric is defined by the fields 
g, A, A and A that determine the coset element. 

Note that the Hd structure embeds as Hd C Ed[d) C Ed[d) xM+. This mirrors the 
chain of embeddings in Riemannian geometry SO{d) C ^^((i, M) C GL{d,M.) which 
allows one to define a det T*M density that is SO{d) invariant, ^/g. Likewise, here we 
can define a density that is Hd (and Ed{d)) invariant, corresponding to the choice of M"*" 
factor which, in terms of the conformal split frame, is given by 

voIg = v^e^^-'^)^, (3.6) 

as can be seen from appendix B.l. This can also be defined as the determinant of G 
to a suitable power. 

3.2 Torsion-free, compatible connections 

A generalised connection D is compatible with the Hd structure P C -F if 

DG = 0, (3.7) 

or, equivalently, if the derivative acts only in the Hd sub-bundle. In this subsection we 
will show, in analogy to the construction of the Levi-Civita connection, that 

Given an Hd structure P G F there always exists a torsion-free, compatible 
generalised connection D. However, it is not unique. 

We construct the compatible connection explicitly by working in the conformal split 
Hd frame (3.2). However the connection is Hd covariant, so the form in any another 
frame simply follows from an Hd transformation. 
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Let V be the Levi-Civita connection for the metric g. We can hft the connection 
to an action on G T{E) by defining, as in (2.33), 

_ , . . tor M = m, 

DJiV = i + ^(V„a„,...„,)E'^-"^ + ^(V^r,,,,,,,,,)^'^'"-'^^ (3.8) 

otherwise. 

Since V is compatible with the 0{d) C H^i subgroup, it is necessarily an iJ^-compatible 
connection. However, is not torsion-free. From (2.37), since V is torsion-free (in 
the conventional sense), we have 

T{V) = (^-i^dA + v^dA-i^F + dAAuj-iyF + ujAF + dAAay (3.9) 

To construct a torsion- free compatible connection we simply modify . A generic 
generalised connection D can always be written as 

DmW^ = Dj,W^ + T^m^bW. (3.10) 

If D is compatible with the Hd structure then 

SGr(E*®adP), (3.11) 

that is, it is a generalised covector taking values in the adjoint of Hd- The problem 
is then to find a suitable S such that the torsion of D vanishes. Fortunately, decom- 
posing under Hd one finds that all the representations that appear in the torsion are 
already contained in S. Thus a solution always exists, but is not unique^. The relevant 
representations are listed in table 4. As Hd tensor bundles one has 

E* ®s.dP -{K®E*)®U, (3.12) 

so that the torsion T G T{K © E*) and the unconstrained part of S is a section of U . 

The solution for S can be written very explicitly as follows. Contracting with 
V G T{E) so S(y) G adP and using the basis for the adjoint of Hd given in (B.20) 
and (B.21) we have 

ny)ab = (2 (^) Vyad,-^A + l,U,dF'\, + ^(Te,..e,/'=^-"^6 + C{V)al) , 
nV)abc = ( (,,1)^2) A U)abc + jV^Fdabc + C(\/)„5c) , (3.13) 

S(K)ai...aa = (it;''F6ai...ae + C{V)a,. 



..as / ) 



^In d = 3 all the components of S are contained in the torsion representations, E* ^adP ~ K(BE* 
and so, in that particular case, the generalised connection is in fact completely determined. 
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dimension K ® E* 



U ~ {E* ®8.dP)/{K®E*) 



7 28 + 28 + 36 + 36 + 420 + 420 1280 + 1280 

6 27 + 36 + 315 594 

5 (4, 4) + (4, 4) + (16, 4) + (4, 16) (20, 4) + (4, 20) 

4 1 + 5 + 10 + 14 + 35' 35 

3 (1,2) + (3, 2) + (3, 2) + (5, 2) 



Table 4. Components of the connection E that are constrained by the torsion, T, and the 
unconstrained ones, U , as representations 



where the ambiguous part of the connection C G r(_E'* ® adP) projects to zero under 
the map to the torsion representation K (B E*, that is 

C G T{U). (3.14) 

Using the embedding of Hd in Chff ((i,M) given in (B.23) we can thus write the full 
connection as 

= e^ (v. + i(l5f)(a,A)7a' - HF^b^b^Hl''"'"' ' UFab^.-.b,!''-"' + 0a 

r-)ai...a5 _ A / 1 5! f?a\...af, ^.^ife _i_ ^ai-'-^s 
jja,ai...ar _ ^^a,ai---a7^ 



„aia2b I WyHiz 



(3.15) 



where 



S^m 2 V2! '"i'^'' ' 3! "-^m, 010213 / Q\/~'m,ai...ae f J 1 

^mim2 _ 1 / 1 ^mim2 ^,ab 1 ^mim2 „,aia2a3 1 ^mim2 ai...a6\ ("3 1 fi^ 

^ ~ 2 l2!^ "''7 ~ 31'-^ 0102037 ~ 6!^ ai...067 ) 5 {O.iO) 

etc. 



is the embedding of the ambiguous part of the connection. 
3.3 Unique operators and generalised Hd curvatures 

We now turn to the construction of unique operators and curvatures from the torsion- 
free and i!frf-compatible connection D constructed in the previous section. To keep 
the Hii covariance manifest in all dimensions, we will necessarily have to maintain 
the discussion in this section fairly abstract. We should note, however, that the entire 
construction can be made very concrete. In [20] we will present the details for particular 
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dimensions, such as the d = 7 case where the unique operators and the curvatures can 
be exphcitly written out in Hj = SU{8) indices. 

Given a bundle X transforming as some representation of if^, we define the map 

Qx:U0X ^E*0X, (3.17) 

via the embedding U G E* ^ adP and the adjoint action of adP on X. We then have 
the projection 

Vx:E*®X-,^^. (3.18) 

Recall that the ambiguous part C of the connection D is a section of U, which acts 
on X via the map Qx- If a G r(X), then, by construction, Vx{D ® a) is uniquely 
defined, independent of C. 

We can construct explicit examples of such operators as follows. Consider two real 
Hd bundles S and J, which we refer to as the "spinor" bundle and the "gravitino" bundle 
respectively, since the supersymmetry parameter and the gravitino field in supergravity 
are sections of them. The relevant representations are listed in table 5. Note 

Hd S J 

SU{8) 8 + 8 56 + 56 

USp{8) 8 48 

USp{4)xUSp{A) (4,1) + (1,4) (4, 5) + (5, 4) 

USp{4:) 4 16 

SU{2)xU{l) 2i + 2_i 4i + 4_i + 23 + 2_3 

Table 5. Spinor and gravitino representations in each dimension 

that the spinor representation is simply the Cliff ((i,M) spinor representation using the 
embedding (B.23). 

One finds that under the projection Vx we have^° 

VsiE* ^ S) S ® J, , , 

^ ' 3.19 

Therefore, for any e G r(S') and t\} G r(J), one has that the following are unique for 
any torsion-free connection 

3.20) 



^^Note that there is an exception for d = 3 since, as was previously mentioned, in that case the 
entire metric compatible, torsion-free connection is uniquely determined, and so Vx is just the identity 
map and Vx{E* ®X) = E* ®X for any bundle X. 
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where ®x' denotes the projection of Vx onto the X' bundle. 

One can show that the first two expressions encode the supersymmetry variation 
of the internal and external gravitino respectively, while the latter two are related to 
the gravitino equation of motion. This will be described in more detail in [20]. 

We would now like to define measures of generalised curvature. As was mentioned 
in section 2.4, the natural definition of a Riemann curvature does not result in a ten- 
sor. Nonetheless, for a torsion-free, ilft^-compatible connection D there does exist a 
generalised Ricci tensor Rab, and it is a section of the bundle 

adP^ = adF/ adP C E* ® E*, (3.21) 

where the last relation follows because, as representations of H^, E ~ E*. It is not 
immediately apparent that we can make such a definition, but Rab can in fact be 
constructed from compositions of the unique operators (3.20) as 

D ® J {D ®je) + D ® J {D ®s e) = W ■ e, 

D0s{D®je) + D®s{D0se) = Re, 

where R and R\^ provide the scalar and non-scalar of Rab respectively^^. The ex- 
istence of expressions of this type is a non-trivial statement. By computing in the 
split frame, it can be shown that the LHS is linear in e, and since e and the LHS 
are manifestly covariant, these expressions define a tensor. We will write the compo- 
nents explicitly in section 4.2, equation (4.11). This calculation further provides the 
non-trivial result that Rab is restricted to be a section of adP^, rather than a more 
general section of (S* ® J) © M. In the context of supergravity, this calculation exactly 
corresponds to the closure of the supersymmetry algebra on the fermionic equations of 
motion, as will be discussed further in [20]. Finally, since it is built from unique op- 
erators, the generalised curvature is automatically unique for a torsion-free compatible 
connection. 

The expressions (3.22) can be written with a different sequence of projections. This 
helps elucidates the nature of the curvature in terms of certain second-order differential 
operators. In conventional differential geometry the commutator of two connections 
[Vm, Vn] has no second-derivative term simple because the partial derivatives commute. 
This is a necessary condition for the curvature to be tensorial. In -^^(rf) indices one can 
similarly write the commutator of two generalised derivatives formally as {D A D)ab = 
[Da,Db]- More precisely, acting on an -E'ci(rf) xM"*" vector bundle X we have 

{D AD) : X ^ A'^E* ^X. (3.23) 

^^Note that ad P-^ C {S ^ J) ®R and the Hd structure gives an isomorphism 5* ~ S* and J ~ J* . 
Thus, as in the first hne of (3.22), we can also view R° as a map from S to J. 
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Since again the partial derivatives commute this operator contains no second-order 
derivative term, and so can potentially be used to construct a curvature tensor. How- 
ever, in -E'd(d) xM+ generalised geometry, we also have df dg = for any / and 
g, and so we can take the projection to the bundle A^* defined earlier, giving a similar 
operator 

{D (g)N* D) : X ^ N* (g)X, (3.24) 

which will again contain no second-order derivatives. One thus expects that these two 
operators, which can be defined for an arbitrary Ed^d) xM"*" connection, should appear 
in any definition of generalised curvature. Given an structure and a torsion-free 
compatible connection D, they indeed enter the definition of Rab- Using covariant 
projections one finds 

{DAD)®je + {D®N*D)®je = R°-e, 
(D A D) 0s £ + (D ®N'D) 0s e = Re- 

This structure suggests there will be similar definitions of curvature in terms of the 
operators (DAD) and {D0iy*D) independent of the representation on which they act, 
and potentially without the need for additional structure. 



4 Supergravity as generalised geometry 

We now show how the generalised geometrical structures we have described in the pre- 
vious sections allow us to rewrite the bosonic sector of eleven-dimensional supergravity 
with the local iJ^-covariance manifest. We also cover the relation to type II theories 
and the embedding tensor formalism. 

4.1 Eleven-dimensional supergravity in rf-dimensions 

We will be interested in "restrictions" of eleven-dimensional supergravity where the 
spacetime is assumed to be a product M^'^"'^'^ x M of Minkowski space with a d- 
dimensional spin manifold M, with d < 7. The metric is taken to have be 

dsl^ = e2^ds2(Mio-'^'i) + dsliM), (4.1) 

where ds2(R^-'^'i) is the fiat metric on ]Ri°-"''i and ds^(M) is a general metric on M. 
The warp factor A and all the other fields are assumed to be independent of the fiat 
j^io-d.i gpa^Qg this sense we restrict the full eleven-dimensional theory to M. We will 
split the eleven-dimensional indices as external indices /i = 0, l,...,c— 1 and internal 
indices m = 1, . . . ,d where c + d = 11. The full eleven-dimensional theory and the 
conventions we are using are summarised in appendix A. 
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In the restricted theory, the surviving fields include the obvious internal components 
of the eleven- dimensional fields (namely the metric g and three-form A) as well as the 
warp factor A. If d = 7, the eleven-dimensional Hodge dual of the 4-form F can have 
a purely internal 7-form component. This leads one to introduce in addition a dual 
six-form potential A on M which is related to the seven-form field strength F by 

F = di - A F, (4.2) 

The Bianchi identities satisfied hj F = dA and F are then 

dF = 0, 

~ 1 (4.3) 

With these definitions we see that F and F are related to the eleven dimensional 4-form 
field strength by 

-Pmi...m4 — J'mi...m4 -fmi...m7 — (*-^)mi ...my (4-4) 

To recover the actions for the restricted theory we merely substitute the ansatz 
for the eleven-dimensional fields into the full action and divide by the volume of the 
external space. The internal bosonic action is 

-58 = ^1 V^e'^(n + c{c-l){dAr-l^F'-l^F'), (4.5) 

where TZ is the Ricci scalar. This leads to the equations of motion 

7? _ pV V A-r(d A)(d A)---(4F p p^v^p-a _l „ p"^ 

-11 (yp pPi-P6-ln pA=Q 

2 7! \ ™pi---P6 " ^ilmn^ j 

7^ - 2(6 - 1)V^A - c(c - l)idAy - iiF^ - ilF^ = 0, 



(4.6) 



d*(e'^^F)-e'^^(*F) AF = 0, 
d * (e^^F) = 0. 

Although here we are interested in the bosonic sector of supergravity, note that the 
supersymmetry variations of the gravitino can also be written as 

UfJ — J V m,t 4 4! / -rmi...m4t 4 71 -rmi...m7 f t -r 2 \ ' '-^m'-^Jt, 

Sib =V — ni...n4 _ or ni n2n3n4\ r f_J_lP ^ni...m ^ ' ' 

where p is related to the trace of the gravitino in the external space and 7™ are 
Cliff ((i,M) gamma matrices. These expressions will be discussed in more detail in [20]. 
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4.2 Reformulation as Hd generalised geometry 

It is well known [2] that bosonic fields of the reduced supergravity parametrise a 
xM+)/ifrf coset, that is, at each point x G M, 

{<7,AAA}G^xR+. (4.8) 

Thus giving the bosonic fields is equivalent to specifying a generalised metric G. Fur- 
thermore, the infinitesimal bosonic symmetry transformation (diffeomorphisms and 
gauge transformations of A and A) are encoded by the Dorfman derivative [44]. 

5vG = LyG, (4.9) 

and the algebra of these transformations is given by the Courant bracket. 

We now show that the dynamics of the reduced theory are encoded by the torsion- 
free Hd connection D. By doing so we show that the theory can be reformulated 
geometrically with a local invariance. Such local symmetries were first considered, 
for (i = 7, by de Wit and Nicolai [3]. The generalised geometry here can be viewed as a 
geometrical explanation of their original rewriting. In order to match the dynamics we 
work in a particular frame, namely the conformal split frame, which is equivalent to 
an 0{d) structure on E. It is worth stressing that the generalised geometrical theory 
is Hd covariant, it is simply that supergravity is conventionally written with only an 
0{d) C Hd manifest. 

We have already seen that in the conformal split frame D takes the form (3.15). 
Viewing sections of 5* and J in Spin{d) representations one can then write the unique 
operators (3.20) in this basis. For example, taking e = e^^^e to be the supersymmetry 
parameter, one finds 

e-^/^ {D ®j e)^ 
e-^/2 {D ®5 e) 

These exactly match the operators that appear in the supersymmetry variations (4.7). 
Given such expressions one can then calculate the Ricci tensor (3.22) in this frame. 



(4.10) 



12 6!'^'^^i---^67 
/ V 4 4! / mi...m,4C 



1 1 ^,mi...m,4 
-lip I c^C^m/^ A^g 
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finding, 

e-''^Rab = Tlab - cVaVhA - c{daA){dtA) 

- 11(aF P C1C2C3 _ 1 Tp2 



6 Rabc 
^ -"'ai...a6 



11 / 7f? P.C1...C6 _ 2„ p2 

2 7!, _ , 

(4.11) 

*d*e^^F -*e^^{*F AF) 

- abc 



ai...a(i 



e-^^R = 7^ - 2(c - 1)V'A - c(c - l){dA)^ - \\F'' - \\,F'' . 
Comparing with (4.5) and (4.6) we see that the bosonic action is given by 

5b = / volci?, (4.12) 



where voIg is the ^'^(rf) -invariant scalar given in (3.6), and that the bosonic equations 
of motion are equivalent to 

Run = (4.13) 

As advertised, we have rewritten the bosonic dynamics in terms of generalised curva- 
tures with a manifest local symmetry. 

4.3 Relation to type II supergravity 

The {Eii(^d) XM+)/ Hd coset structure can equally well describe the fields type II theories 
in c? — 1 dimensions. Specifically 

{g,B,B,<p,A^,A}e^xR+, (4.14) 

where B is the NSNS two- form field, B is the six- form potential dual to -B, is the 
dilaton and are the RR potentials (in a democratic formalism) where A~ is a sum 
of odd-degree forms in type IIA and A'^ is a sum of even-degree forms in type IIB. All 
the fields now depend on a — 1 dimensional manifold M'. 

The construction of torsion-free compatible connections D follows exactly as above. 
The only difference is that the bundles, partial derivative and split frames are now 
naturally written in terms of a GL{d — 1, M) subgroup of Ed^d) as opposed to GL{d, M) 
(the appropriate subgroups are defined in appendix B.4.) In particular, the generalised 
tangent space takes the form [17, 33-35] 

E ~ TM' © T*M' © A^T*M' © {T*M' © A^T*M') © AWodd^*^/^ ^^^^^-^ 
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where "even" refers to type IIB and "odd" to IIA. The partial derivative d now acts 
via the embedding T*M' — )■ E* so that df = df e T{E*), for any function /. One still 
has the "section condition" df®M*dg = Q but now the space spanned by df is not the 
maximal such subspace in E* (since Dm spans one less dimension). 

We will not give the expressions for the type II decompositions here, though given 
the Spin{d — 1) spinor decomposition in appendix B.4, it is relatively straightforward to 
calculate them directly from Spin{d) expressions given in the previous section. The cen- 
tral point is that the bosonic equations of motion and action given by (4.12) and (4.13) 
are left unchanged. What changes is the decomposition of these expressions in the 
bosonic fields, and the partial derivative action d. 

4.4 Identity structures, fluxes and relation to the embedding tensor 

The embedding tensor is the object that determines general gaugings of (typically 
maximally) supersymmetric theories in 11 — c? dimensions [36, 37]. It is striking that it 
transforms in the same -E'd(d) representations as the generalised torsion (2.34), namely 
K®E*. That such representations appear in gauged supersymmetric theories has been 
discussed in detail in [45] in the context of En theory (as well as [46] in the case of 
£^io). Here we simply show why, in the current context, the generalised torsion and the 
embedding tensor are related when the gauged supergravity arises from a dimensional 
reduction of eleven- dimensional supergravity on a d- dimensional manifold M. This 
also relates to the observation that the generic set of fluxes, both geometrical and 
non-geometrical, are sections of the same bundle K [33]. 

To make the connection we first need to identify what structures on the internal 
space M lead to maximally supersymmetric theories in 11 — d dimensions. Metrically 
the eleven-dimensional space is a fibration 

ds^ = g.M^y'^y" + ^?™„(x,y)(dx™ + A'-(a;,i/))(da;" + A"(x,i/)), (4.16) 

where y and x are coordinates on the external and internal spaces respectively, and 
are one-forms on the external space. It is well known that tori give suitable supersym- 
metric compactifications, as do generic twisted tori [47] (including their non-geometrical 
extensions [31, 44, 48]). The corresponding relation to the embedding tensor is also 
well established (for a review see [49]). The characteristic feature of these backgrounds 
is that the associated generalised tangent space E admits an "identity structure" , that 
is, a G-structure P G F where G is just the trivial group, with a single element, the 
identity. This means that space admits a single globally defined frame {E^} and is a 
necessary condition for a reduction to a maximally supersymmetric effective theory. As 
discussed in the context of = 2 supersymmetry in [34, 50], such reductions require 
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globally defined spinors on M. For a maximally symmetric theory, there is a maximal 
number of such spinors and hence the /f^-bundle is trivial, implying we have an identity 
structure 

f maximal supersymmetric 1 f exists globally defined 

\ effective theory J \ frame on M 

Note that such structures are also sometimes referred to as "generalised parallelizable" 
spaces [44]. They are the generalised analogues of parallelizable spaces, where there is 
a globally defined frame {e''}. 

In making the connection to the embedding tensor let us focus on the scalar moduli 
fields, which parametrise the coset Ej_{^d) / Hd- Given a conventional global frame e° (for 
example on a torus) one can write a family of metrics 

g = gai>{y)e'' ® e\ (4.18) 

where gabiu) are moduli parametrising GL{d, R)/0{d). The scalar fields in the effective 
theory similarly can be regarded as parametrizing generic Ed^d) xM"*" transformations 
Ea ^ Eb{M-^)^a that are constant on M, defining a family of generalised metrics, 

G = GABiy)E^^E''. (4.19) 

Note that such a metric actually parametrises a {Ed(d) xM+)/ Hd coset and so has one 
more degree of freedom than the actual set of moduli, which only define G up to a 
scaling factor. Since this factor was associated with warping of the external space, 
which in the dimensionally reduced theory is encoded in the conformal rescaling of the 
external metric g, this does not lose any degrees of freedom. 

The potential for the scalar moduli arises from the dimensional reduction of the 
action on the internal space, which, as we have seen, can be written in terms of the 
generalised Ricci scalar as in (4.12). This in turn is completely determined by the 
torsion-free connection D. One can construct D as follows. Given the frame {E^} we 
can always define a connection D' that is compatible with the identity structure, that 
is, for all A, 

D'E"^ = 0, (4.20) 

but in general it will be torsionful. By definition the torsion is simply given by the 
algebra of the basis {E^} under the Dorfman derivative, namely, 

L^^Ec = -Ta^'cEb (4.21) 

where T G T{K (BE*). By construction D' is compatible with the generalised met- 
ric (4.19). The torsion- free metric compatible connection can then be constructed as 

D = D' + J:, (4.22) 
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where, in the notation of section 3.2, S G r{E* (g) adP) and for D to be torsion-free 
we require 

S = -T + C, (4.23) 

where the ambiguous part C G r([/). Since the supergravity does not depend on C 
we see that effective theory, and in particularly the scalar potential, is determined 
completely by T defined in (4.21). 

In fact T can be directly identified with the embedding tensor if we make the 
further assumption that its components T^^,^ are constant. First we note that it is in 
the same representations of Ed{d) as the embedding tensor. Second it satisfies the same 
quadratic relation [36], giving the embedding of the gauged symmetry group in Ed,(d)- 
Here this condition arises from the Jacobi-like relation, following from the fact that Lu 
satisfies the Leibniz identity, 

LuiLvW) - LviLuW) = Ll^vW. (4.24) 

Taking U = E^, V = and W = this gives 

[Ta,Tb]=Ta^bTc, (4.25) 

where we view {Ta)^c = Ta^c as a set of elements in the adjoint representation of 
Ed(d} labelled by A. 

We can also make the connection to [33], where it was shown that generic fluxes 
in string compactifications correlate with the embedding tensor. The definition (4.21) 
gives T a direct geometrical interpretation which matches the fluxes identified in [33] in 
the context of type IIB backgrounds. For example, if {E^} takes the split form (2.14) 
(that is, with A = 0), then, using (2.37), the components of T are given by 

T{V) = -ij -i^F -i^F + UJ AF, (4.26) 

where / are the structure constants defined by {cq}, that is, [e^, Cf,] = fa'^bf^c and 
[iyfYb = V^fc^b is a section of TM ® T*M. Thus only certain components of T, the 
so-called geometrical fluxes, are non-zero. The corresponding split frame for type IIB 
generates the geometrical fluxes identified in [33]. 

5 Conclusions and discussion 

We have seen that the action, equations of motion and symmetries for the bosonic 
fields in reductions of M theory to d dimensions actually have a remarkably simple 
and unified form. The fields unify as a generalised metric. The symmetries are simply 



- 29 - 



the generalised geometry extensions of diffeomorphisms, and the action is simply the 
analogue of the Ricci scalar. The formalism works for all dimensions d < 7 and the 
theory has an extended local Hfi D 0{d) sjTumetry. It is a direct extension of our 
earlier work [19] on reformulating type II supergravities using 0(10, 10) xM+ generalised 
geometry. 

It is natural to ask how this structure might extend to higher dimensions. The 
basic obstruction, even for d = 8, is that although the generalised tangent space exists, 
together with an i?8(8) ^ structure bundle, and a Dorfman derivative, one cannot 
write the derivative in the form (2.27), since this gives a non-covariant expression. 
Consequently, one does not have a natural way to define the generalised torsion. The 
problem with writing the derivative in this form is the presence of the r G r(T*M ® 
A''T*M) tensors in E. Physically these correspond to Kaluza-Klein monopole charges 
in the U-duality algebra and should be associated to the symmetries of "dual gravitons" . 
Note that these terms already meant, even in = 7, that we could not write the 
difference between the Dorfman derivative and the bracket (2.38) in an Eti(d) xM"*" 
covariant form. One possible way out is to include dependence on the "non-compact" 
(11 — (i)- dimensional space M^^^"^'^. Allowing for diffeomorphisms in M^^^'^'^ may then 
correct the non-covariance of the naive structure. 

The possibility of extending the formalism to the Kac-Moody algebras Eiq or En 
is particularly intriguing. Since we assume an underlying manifold, the connection to 
the Eio formalism of [14] is less direct, as there the spacetime is emergent, the Eio fields 
encoding a spatial gradient expansion around a spacetime point. The Eu formalism 
on the other hand starts with (an infinite number) of coordinates [24] transforming 
in a particular representation li (which corresponds to the generalised tangent space 
representation upon reduction to Ed(d))- One important question is how the dependence 
on these coordinates might be truncated to define eleven-dimensional supergravity. The 
results here would suggest one imposes a quadratic section condition (2.41) projecting 
onto the corresponding N* representation defined by the appropriate node in the En 
Dynkin diagram as described in section 2.1.3. In the 0{d, d) case the section condition is 
directly related to the level-matching condition of the underlying string theory. Related 
constraints have been identified in the Eiq model in [51] and it would be interesting to 
study the relationship between these and the section condition. 

Another interesting possibility is that, if a generalised geometrical formulation 
can be found for > 8, it may be that the existence of the torsion-free compatible 
connection D actually constrains the ii/rf-structure. This is what happens, for instance, 
with conventional connections compatible with an almost complex structure, where the 
existence of a torsion-free compatible connection requires the structure to be integrable. 
Such a situation would impose differential conditions on the fields defining the coset 
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{Ed{d) xM+)/ Hdi perhaps truncating the infinite set to a finite number of independent 
components corresponding to the degrees of freedom of supergravity. This may be 
connected to the recent result [52] that, given fairly weak assumptions, only a finite 
number of the fields in the Kac-Moody algebra are propagating. 

As we have already stressed, the formalism used here and in [19] is locally equivalent 
to the standard formulation of double field theory and its M theory variants. The 
derivations relied only on the partial derivative satisfying the section condition (2.41) 
(or the corresponding condition for 0{d,d)). The maximal subspace of E* satisfying 
this condition is c?- dimensional and is stabilized by the parabolic subgroup Ggput- In the 
context of double field theory it defines the set of coordinates on which the fields depend, 
and is a necessary condition for the formulation of an action and a closed symmetry 
algebra. This defines a foliation and reducing along the isometrics, the theory is locally 
defined on a d-dimensional manifold as in generalised geometry. In either formulation 
there is a global 0{d, d) or -E'd(d) symmetry acting on the frame bundle. However, while 
the strong constraint is covariant, the particular choice of a maximal subspace is not 
invariant under the global symmetry group. 

There are number of other natural extensions to the geometry described here. 
It would be interesting to understand if similar constructions can be used for other 
supergravity theories. One might also wonder if the formalism can be used to describe 
higher-derivative corrections and their -E'd(d) transformation properties. A more direct, 
key application is the description of supersymmetric backgrounds. Formulations of 
= 1 and N = 2 backgrounds in -^7(7) language have already been given in [35]. In 
the current context one expects that generic supersymmetric backgrounds in d < 7 
should correspond to special holonomy G G Hd for the operator D. Note that it is 
the holonomy of D and not its projections (4.10) that are relevant, and hence G is 
a subgroup of Hd- This is in contrast to [53] where the holonomy of the operators 
appearing directly in the supersymmetry variations was considered, and larger groups 
can appear. The most obvious extension, though, is the completion of the description 
of the supergravity by including the fermionic degrees of freedom and supersymmetry 
transformations, at least to leading order. This will be the main result of [20]. 
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A Eleven-dimensional supergravity 

Let us start by summarizing the action, equations of motion and supersymmetry vari- 
ations of eleven- dimensional supergravity, to leading order in the fermions, following 
the conventions of [54]. 
The fields are simply 

{^M^, A'^p,V^/.}, (A.l) 

where g^i, is the metric, A^up the three-form potential and ip^ is the gravitino. The 
bosonic action is given by 

Sb = ^J (7^vol, -i^ A *^ - 1^ A ^ A ^) , (A.2) 

where TZ is the Ricci scalar and J-" = d^. This leads to the equations of motion 

d * + ij^ A = 0, 

where TZp^y is the Ricci tensor. 

The supersymmetry variation of the gravitino is 

= V^e + alsir/-^^ - S^/T-^'^^-*) J-,,...,,6, (A.4) 

where are the Cliff (10, 1, M) gamma matrices and e is the supersymmetry parameter. 

B Edid) xM+ and 

B.l Construction of Ed(d) xM+ from GL{d,R) 

In this section we give an explicit construction of -^'^{d) xM+ for d < 7 based on the 
GL{d, M) subgroup. 

We start with the Lie algebra. If GL{d, M) acts linearly on the d-dimensional vector 
space F, consider first the space 

Wi = F®A'^F* ®A^F* ® {F* ^A^F*) . (B.l) 

We can write an element of G Wi as 

V = v + uj + a + T, (B.2) 

where x (z F etc. If we write the index a for the fundamental GL{d, M) representation 
note that r has the index structure Ta,bi...br, where a labels the F* factor and 6i . . . 67 
the A^F* factor. 



- 32 - 



To define the Lie algebra we introduce 

W2^R®{F^F*)® A^F* © A^F* ® A^F © A^F, (B.3) 
with elements R e W2 

R = c + r + a + d + a + a, (B.4) 

with c & r E F (E) F* etc. The Lie algebra of Ef^^d-j xM"*" can be defined by an action 
of R e W2 on V e Wi as follows. We take 

R-v — cv + r- v + ajuj — aja, 

R-uj — cuj + r- uj + vja + aja + ajT, 

(B.5) 

R-a — ca + r- a + vjd + aAu + ajT, 
R-T — CT + r- T + jaAa — jdAuj. 

Our notation here is that r • v, etc. are the usual action of 51/(0?, M) on the relevant 
tensor. Thus 

(r • v)"- = r^bV^ (r • uj)ab = -r^ai^cb - r^bOOac, etc. (B.6) 

Note that the Ed(d) sub-algebra is generated by setting c = ^g^^^ r°a- 

For completeness, note that the contraction of forms and polyvectors in our con- 
ventions, given w e A^F. A e A^F* and r e F* (g) A'^'F*, are given by 

^ ^)ai...a,_, := ^«^'^-^Aei...c,ai...a,_, if P < 

{w J A)'^^-"^-^ := ^w"i-"--''"i-"«Aci...c, if P > (B.7) 

while for A e A^+^F* and e A^-^F* we define jA A e F* ® A^F* as 

7! 

O'A /\ /^)a,ai...a7 "= ^7 _ j "^"["i-^P^^f+i-H " i^'^) 

The Fd(rf) xM"*" Lie group can then be constructed starting with GL(d, M) and using 
the exponentiated action of a, d, a and a. The GL{d, M) action by an element m is 
standard so 

{m-vy^r\v\ {m-uj)ab = {m-ya{m-')\uj^, etc. (B.9) 
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The action of a and a form a nilpotent subgroup of nilpotency class two. One has 

+ (a + aAuj + ^aA La + iyd) 

. 1. (B.IO) 

+ [T + ja Aa — ja Au) + ^ja Aa Au 

+ \ ja A iyU — \ja A i^a + |ja A a A iyOj , 

with no terms higher than cubic in the expansion. The action of a and a form a similar 
nilpotent subgroup of nilpotency class two with 

+ ha J a J T + J a J T + J a J a J t) 

e J (^^-^-^^^ 

+ (oj + aja + ajr + ajaja) 
+ {a + a jt) + T. 

A general element of xM"*" then has the form 

M • y = 6^ e"+" e"+" m ■ V, (B.12) 

where e'*' with A e M is included to give a general M"*" scaling. 

B.2 Some tensor products 

We can also define tensor products between representations in terms of the GL{d, M) 
components. Given the dual space 

^ ^ B.13 

Z ^( + r + s + teW*, 

the map into the adjoint Wi (8) — >■ W2 is given by 

c = — |r jo; — |sj(T — tjr, 
m — V <^ ( — jr J ju! + ^{r J a;)F — js j ja -\- | (s j cr)F — j jr, 
a = CAa; + rj(7 + sjT, 

(B.14) 

Q/ = t)Ar + sja; + ij(T, 
a — C,Aa-\-rjT^ 
a — —vAs — tju), 
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where we are using the notation that, given w G A^F and A G A^F*, 

{jw^jX)\:= .-A,e,...c,_„ 



1 

7!' 

1 



(B.15) 



We can also consider the representations that appear in the bundle as given in 
table 2. We consider 



(B.16) 



(B.17) 



W3 = F*® A^F* © {F* ® A^F*) © (A^F* ® A^F*) © (A^F* © A^F*), 
r = A + /€ + /i + z/ + 7r. 

The symmetric map Wi © W^i — W3 is given by 

A = J cj' + f ' J cu, 
K = V ^ a' + v' ^ a — oj A u' , 
fi = {juj A cr' + ju' A a) - \ {a A uj' + a' A u) 

+ (t; J jr) + {v J jr') - j r' + t;' j r), 
= j^w A r + j V A r - j^a A a', 
TT = j^cr A r + fa' A r, 

where, for uj G A^F*, a, a' G A^F* and r G F* © A^F*, 

(f -I jT^rnni...nfi ■ ^ ''"m,pni ...ng • 

B.3 Hd and 0(rf) 

Given a positive definite metric Qab on F, which for convenience we take to be in 
standard form 6ab, we can define a metric on Wi by 

G{V, V) = \v\^ + + + |r|2, (B.19) 

where \v\^ = VaV", = |FWa6W"^ |(Jp = ^<Tai...a5(T'''-"' and =|rp = yT^a,ai...a7l""'"'-"'- 

The subgroup of Ed^d) xM+ that leaves this metric is invariant is H^, the maximal 
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compact subgroup of (see table 3). The corresponding Lie algebra is parametrised 
by 

N = n + b + beA'^F* ®A^F* ®A^F*, (B.20) 



(B.21) 



and embeds in W2 as 

c = 0, 

(^abc (^abc ^afec; 

(^ai...ae (^ai...ae 

where indices are lowered with the metric g. Note that Uab generates the 0{d) C 
GL{d, M) subgroup that preserves g. Concretely a general element can be written as 

H ■ V = e''^^ e"^^ h ■ V, (B.22) 

where h E 0{d) and a and a and a and a are related as in (B.20). 

Finally we note that the double cover of has a realisation in terms of the 
Clifford algebra Cliff (rf, M). Consider the gamma matrices 7" satisfying {7", 7''} = 2(7"''. 
The Hd Lie algebra can be realized on Cliff (rf, M) spinors by taking 

N = \ [^Uabr' - ^babcl"'' - hK-a.r'-"') ' (^-23) 

Again Hah generates the Spin{d) subgroup of Hd- 

B.4 Type II GL{d - 1, M) and 0{d-l) subgroups of Ed^d) xK+ 

We can identify two distinct GL{d — 1, M) subgroups of Ed[d) appropriate to type IIA 
and type IIB. 

For type IIA, GL{d — 1, R) is a subgroup of the GL{d, M) group used to define the 
Ed(d) xM+ group in section B.l. We simply decompose the (i- dimensional space as 

F = L © M, (B.24) 

with a GL{d — 1,M) action on L. Concretely, if we write the GL{d,M.) index a = (l,i) 
then the GL{d — 1, M) Lie algebra p E L® L* embeds as 

r'j=p'r (B.25) 

For type IIB the embedding is slightly more complicated. We decompose F as a c? — 2- 
dimensional space A and 2-dimensional space B and then identify 

F = A®B, L = A®K^B*. (B.26) 
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where the GL[d — 1, M) action acts on L. Writing indices a = (1, 2, ?), the GL{d — 1, M) 
Lie algebra element p & L ® L* embeds as 

m*j = p^j, a*^^ = an2 = fh m^i = ^"^2 = -\P^i- (B.27) 

Under the type IIA decomposition one has 

Wi=L®L*® A^L* © (L* ® A^L*) © A^^'^L* © A"""°L, 

fB 28) 

= K © M © (L © L*) © A^L* © A'^L* © A^L © A^L © A^'^'^L* © A"'^'^^, 
while the type IIB embedding has 

IVi = L © (L* © B*) © {A^t © A^B*) 

© (A^L* © 5* © A^5*) © (L* © A^L* © A'^B*), 

W2 = {B® B*) © (L © L*) © (A'L* © 5*) © {A^L © 5) (B.29) 
© {A^L* © A^E*) © (A^L © A^B) 

© (A^L* © 5* © A^B*) © (A^L © © A^fi) . 

After breaking the SL{2, M) action on B this decomposes to 

Wi = L®L*® A^t © {t © A^L*) © A°'^'^L* © A°'^<^L, 
1^2 = M © M © (L © L*) © A^L* © A^t © A^L © A^L © A^^<=°L* © A'^^*^"!. 
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The corresponding embeddings of 0{d — 1) in follow from the intersection of 
the embedding (B.21) with (B.25) and (B.27). The i/^ algebra element decomposes as 

N = q + s + § + t- e A^L* © A^L* © A^L* © A°'^'^L* 

(B 31) 

= g + s + I + t+ G A^L* © A^L* © A^L* © A^'^'^L*. 

Lifting to a Spm{d — 1) action, it is important to note that Cliff (c? — 1, M) for the type 
IIB spinors does not embed in Cliff (c?,M); only the spin group Spin{d — 1) embeds. 
Concretely, in both cases, one can decompose the Cliff ((i,M) spinors under 7^ by 

7^e± = ±e±. (B.32) 

Each spinor then transforms under the Spin{d) group generated by 



(B.33) 
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One then has the Chfford action for the type IIA decomposition 



± 



2(2! 



2!* 
n 



J_|'_|_^[(n+l)/2]^- -ai...a„ =F 
n\\^) ''ai...a„ I ^ 



(B.34) 



and 



\Hab I 2! "° ' Q\'^ai...aQ I |c 



2 V 2!' 



-ai...a„ =F 



(B.35) 



for type IIB. 
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